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[bookmark: _Toc231517523][bookmark: X16dd10481814737e89395696192828ec2321490]RAISING OPERATORS AND A PARAMETRIC POLYNOMIAL CONTINUED FRACTION FOR 

[bookmark: _Toc231517524]Introduction

Polynomial continued fractions may contain a simple kernel behind complicated coefficients. In this paper, the kernel is the central-binomial Apéry-type series for . Our aim is to explain why the same kernel appears for a whole family of -fractions.
We study the polynomial -fraction

with

The family fits naturally into the theory of polynomial -fractions, where convergents satisfy three-term recurrences with polynomial coefficients; see [1, 2, 3, 4, 5, 6, 7, 8].
The underlying summation kernel of (1.1) is the classical central binomial identity

which is a standard Apéry-type series evaluation; see for instance Apéry, Beukers, van der Poorten, and Borwein–Girgensohn [9, 10, 11, 12]. The point of the present construction is that the consecutive convergent differences of (1.1) retain exactly this kernel after normalization. The parameter dependence is concentrated in a normalized denominator polynomial family .
This family is closely related to Cohen’s parametric continued fractions for , , and other constants [13]. Cohen’s work provides important motivating and structural background for such families. Here, we give a proof mechanism for (1.1). We build a difference operator  and a parameter-raising operator ; the latter sends solutions at level  to solutions at level .
We now explain the main idea of the proof. The continued fraction gives a three-term recurrence for its denominator sequence. We write this recurrence as an operator equation and denote the operator by . This notation is useful because it lets us compare the recurrence for the parameter  with the recurrence for the next parameter . We then construct a parameter-raising operator. This operator sends a solution at level  to a solution at level . In this way, we obtain the normalized polynomial family .
The role of the polynomials  is to separate two parts of the problem. One part is universal and contains the central-binomial Apéry-type kernel. The other part depends on the parameter . After this separation, we prove a parameter-shift telescoping identity. This identity compares the summand at level  with the summand at level . It allows induction on  and therefore proves the evaluation for every integer :

Thus, the polynomial identities are not merely formal identities. They are the algebraic mechanism, which makes the induction possible.
The surrounding literature has several related but distinct strands. Classical continued-fraction theory provides the analytic and recurrence background [1, 2, 3, 4, 5, 6]. Flajolet’s theory explains many continued fractions through combinatorial models [7]. Apéry’s proof and its later interpretations show how binomial kernels can encode special values such as  and  [9, 10, 11, 12]. Symbolic summation and holonomic methods often reduce identities to finite algebraic checks [14, 15, 16, 17]. The present paper uses ideas close to these methods, but its role is more specific. The distinctive feature of the approach is that the parameter shift is realized by an explicit first-order parameter-raising operator. This operator is then combined with a telescoping identity for the summand itself, which turns the construction into an induction on the parameter . To the best of our knowledge, this is the first use of an explicit first-order parameter-raising operator as the main proof mechanism for evaluating a complete parametric family of polynomial -fractions for .
Our first theorem records the structural decomposition that drives the rest of the paper. Its significance is that the -independent -producing factor and the parameter-dependent algebraic factor are separated in a precise form: central-binomial term is fixed, while all dependence on  is concentrated in two consecutive values of one polynomial family generated by the parameter-raising operator.
The polynomials  in the following theorem are constructed in Section 3; they are normalized by .
[bookmark: thm:structure]Theorem 1.  For each fixed  and every , the convergents of (1.1) satisfy  where  is the normalized denominator polynomial defined in Section 3.
Remark 2.  Theorem 1.1 separates the problem into a -independent central-binomial factor and a parameter-dependent algebraic factor. The factor

is the same factor that appears in (1.3), while the factor

contains the full dependence on . This separation is the main structural point of the paper.
The paper is organized as follows: Section 2 derives the convergent recurrence and the central-binomial increment formula. Section 3 constructs the parameter-raising operator and the normalized denominator polynomials . Section 4 proves the parameter-shift telescoping identity and evaluates the full family.

[bookmark: _Toc231517525][bookmark: sec:kernel]Convergents and the central-binomial kernel

Definition 3.  Set . Define sequences  and  by

and for ,

Whenever , the th convergent of (1.1) is

[bookmark: prop:kernel]Proposition 4.  For each fixed , the denominator sequence satisfies  for all . Consequently, every truncation  is well defined. If one sets  then the consecutive convergent differences satisfy  and the normalized sequence obeys  with initial values 

Proof. We begin by proving positivity of the denominator sequence. Write

For , consider the symmetric tridiagonal matrix

Its leading principal minors satisfy the same recurrence as  with the same initial values, so . We show that  is strictly diagonally dominant with positive diagonal. First,  for all  and . For ,

hence

So, it is enough to prove

A direct simplification gives

At , there is only one off-diagonal entry, and

Thus,  is strictly diagonally dominant and has positive diagonal. Since  is real and symmetric, all its eigenvalues are real. By Gershgorin’s theorem, every eigenvalue lies in an interval , where  is a diagonal entry and  is the sum of the absolute values of the off-diagonal entries in the same row . Strict diagonal dominance gives  for every row, so all these intervals are contained in . Hence, all eigenvalues are positive, and  is positive definite. By Sylvester’s criterion, its leading principal minors are positive . These leading principal minors satisfy the same determinant recurrence as , and hence .
To derive the increment formula, we use the standard determinant identity for -fractions. It follows by applying the recurrence to . This gives

since . For ,

Hence,

The signs cancel, so

Substituting  gives

Finally,

which yields (2.2).
To obtain the recurrence, substitute  into (2.1), divide by , and use

Then

which gives (2.2). The initial values follow from  and . 

[bookmark: _Toc231517526][bookmark: sec:raising]A parameter-raising operator for the parametric family

The operator  is a gauge-equivalent form of the normalized denominator recurrence. This form is useful because it makes it possible to compare the recurrence at level  with the recurrence at level . The parameter-raising operator  connects these two recurrence operators by a precise algebraic identity. Together with , the operator  converts the fixed-parameter recurrence into an induction on the parameter .
For a function , define

Also define

and let

[bookmark: thm:raising]Theorem 5.  For every function ,  where  In particular, if  satisfies , then  satisfies .
The factors  in (3.2), (3.2), (3.1), and (3.1) are only part of our normalization convention.

Proof. The identity (3.1) is an operator identity. We prove it by applying both sides to an arbitrary function  and comparing the coefficients of the shifted values of .
Write

Since  uses only  and , the expression  can involve only

The right-hand side of (3.1) involves the same four shifted values. Therefore, the difference between the two sides has the form

Here, each  is a polynomial in  and  after clearing the common factor .
For example, the coefficient of  comes from the -part of  and from the term . Thus, this coefficient is

Using (3.2) and (3.1), this is identically zero.
The remaining three shifted coefficients are computed analogously. After substituting , one obtains

The explicit expressions before cancellation are recorded in Appendix A. Hence, (3.1) holds for every function .
Finally, if , then both terms on the right-hand side of (3.1) vanish. Therefore,

Thus, the parameter-raising operator sends a solution of the recurrence at level  to a solution of the recurrence at level . 
We start from . Repeated use of  gives a chain of solutions. The normalization used next makes  and matches the normalized denominator sequence in Proposition 2.2.
We now prove Theorem 1.1. Starting from the constant solution , we define

By Theorem 3.1, each  satisfies

We now identify this operator-generated family with the normalized denominator polynomials from Proposition 2.2. Evaluate  at :

Now evaluate the raising recursion  at :

Substituting the formula for  and simplifying yields

Therefore,

because

Define

Then

To identify  with the normalized denominator family, rewrite

and substitute into . Multiplying by  gives

Using

we obtain

Multiplying by  yields

which is exactly (2.2). The initial value at  follows from the earlier relation

Indeed,

Therefore,  and  satisfy the same second-order recurrence for  with the same initial values, so

This proves Theorem 1.1.
The degree and the leading coefficient of  are also transparent from the raising recursion. Write

From (3.2) and (3.2),

and

Hence,

so  and . Since , we have  and  for all . Therefore,

has degree , and its leading coefficient is .
Finally, the continued fraction converges. By Theorem 1.1,

Using Stirling’s estimate,

Also

so the summand is

The series therefore converges absolutely, and the limit

exists.

[bookmark: _Toc231517527][bookmark: sec:telescoping]Telescoping and evaluation of the full family

We now pass from the parameter-raising construction to the value of the continued fraction. Lemma 4.1 compares the summands at levels  and . Theorem 4.2 then sums this relation and gives the evaluation for all .
Set

By Theorem 1.1,

Also put

We now prepare the induction step from  to . Since

the term  has the correct next coefficient  in front of the -independent central-binomial factor. Thus, it remains to prove that the difference

is telescoping.
We choose the denominator of  to contain

After replacing  by , this becomes

which is the denominator needed in the comparison of  and . The shifted raising formula at  gives

Thus, the coefficient  is the one that enters the cancellation. The remaining normalization is fixed by

This leads to the following definition of .
Since

we put

and define

Equivalently,

[bookmark: lem:contiguous]Lemma 6.  For every  and every , 

Proof. The proof has three steps. We first express the two values of  through two values of . Then we divide out the common hypergeometric factor. Finally, the identity reduces to a quadratic polynomial in  and .
Let

Recall that

Step 1: shifted raising formula. We first derive the shifted raising formula for the normalized polynomials. By definition,

Using

gives

Now

and

Therefore,

Using (4.2) at  gives

where

Using (4.2) at  and eliminating  by

we obtain

where

and

Step 2: reduction to an algebraic identity. We now verify (4.1). Divide both sides by the common factor

and use

together with

After this division, the two boundary terms become

and

Hence, the desired identity becomes equivalent to

Multiplying by , this is equivalent to

Step 3: coefficient comparison. Substitute  and  into (4.3). The coefficient of  vanishes because

The coefficient of  vanishes because

It remains to verify the coefficient of . We need

The remaining -coefficient vanishes precisely by (4.4). After substituting , , and  and clearing denominators, the difference between the two sides is the zero polynomial in  and ; see Appendix B. Thus, all coefficients vanish, and (4.1) follows. 
[bookmark: thm:main-evaluation]Theorem 7.  For every integer ,  Moreover, the rational correction is determined by  and 

Proof. The induction is carried out at the level of summands. We show that  is the -independent central-binomial factor multiplied by , plus a telescoping difference. We prove by induction on  that there exists a sequence , built recursively from  and the terms , such that

For , we have , , and . Hence,

so (4.5) holds with .
Assume (4.5) holds for a fixed . By Lemma 4.1,

Substituting the induction hypothesis gives

Since , the induction continues with

It remains to check the tail condition. For , . Suppose . Since

the denominator  has polynomial growth. On the other hand,

The remaining factors in (4.1) are polynomial in  for fixed . Hence, , and therefore

Thus, the tail condition holds for every  by induction.
Summing (4.5) from  to  gives

Letting  and using

we obtain

Finally,  because all quantities used in the recursion defining  are rational at . Thus the theorem follows with .
The recurrence for  follows by evaluating the recursion

at . Since

and

we have

Therefore,

as claimed. 

Examples. The first cases illustrate the evaluation formula.

Example 8.  For , one has  and . Hence,

Since  and , Theorem 4.2 gives

Example 9.  For , the normalized polynomial is

The correction term comes from (4.2):

Therefore,

Example 10.  For , the normalized polynomial is

and . The correction term is again obtained from (4.2):

Hence,

[bookmark: _Toc231517528][bookmark: conclusions]Conclusions
We have proved the evaluation of the family (1.1) for every integer :

The parameter-raising operator constructs the normalized denominator polynomials , and the parameter-shift telescoping identity turns this construction into an induction on . Thus, the polynomial identities are not only auxiliary computations but form the algebraic structure behind the induction.
It remains natural to ask whether the same idea can be used for other Apéry-like constants, for example . That case seems more rigid because the usual kernels involve higher-order recurrences and more delicate cancellations.
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[bookmark: _Toc231517530][bookmark: appendix]Appendix

A. [bookmark: app:raisingcheck]Coefficient check for the parameter-raising identity
This appendix records the coefficient comparison used in Theorem 3.1. After applying both sides of (3.1) to an arbitrary , the four coefficients of , , , and  are as follows. With

the common coefficient of  on the two sides of (3.1) is

For the coefficient of , both sides reduce to

where

For the coefficient of , both sides reduce to

where

Finally, the common coefficient of  is

Thus, all four shift coefficients agree. This proves identity (3.1) without imposing any additional condition on the function .

[bookmark: app:poly]B. Algebraic check in the parameter-shift identity
This appendix records the algebraic check used in Lemma 4.1. We need to verify

Recall that

Write

where

and

We also use the shifted quantities


and

With this notation, the four coefficients become



and

Therefore, the desired determinant identity is equivalent, after cancelling the common factor , to

To make the cancellation visible, define

A direct expansion gives

Equivalently,

Thus, all coefficients of ,  cancel. This proves the required determinant identity
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[bookmark: _Toc231517532]Introduction

Compared to differential equations, the field of difference equations has received comparatively less attention in mathematical research. In this note, our focus is on second-order linear difference equations of the form

where the coefficients  and  are allowed to vary in the complex number domain. Solving (1) becomes straightforward when the coefficients are constants, as one can represent the solutions using the form  and find the roots of the corresponding characteristic equation, as seen in, for example, [9]. However, the situation becomes notably intricate when dealing with non-constant coefficients, as evidenced in works such as [15, 16, 17, 3, 7], offering limited insights.
It is well-established that (1) possesses two linearly independent solutions, and the general solution can be expressed as a linear combination of these solutions [12]. Moreover, given initial values  and , the uniqueness of the solution is evident.
In this note, our objective is to provide a closed-form solution for (1) using finite continued fractions. In the context of difference equations, a closed-form solution refers to an explicit mathematical expression that directly provides the solution for the dependent variable at any given discrete time point, without the need for iterative or recursive calculations. Unlike recursive or iterative solutions, which require step-by-step computations from an initial condition, a closed-form solution allows for direct calculation of the solution at any desired time step. We leverage this solution to validate two conjectures obtained from www.ramanujanmachine.com. The primary outcome of our study is encapsulated in the following main result.

[bookmark: thm:main]Theorem 1.  Assume that there exist sequences  and  of complex numbers satisfying  for any  Then, the solution to the second order equation (1) with initial values  and  is given by 


The solution provided in Theorem 1.1 highlights the elegance of expressing the solution to a second-order linear difference equation with variable coefficients in terms of sequences  and . The structure of the solution, involving nested sums and products, reveals the intricate interplay between the coefficients and the initial values, offering a versatile tool for understanding and characterizing the behavior of such equations.
It is noteworthy that the conditions (1.1) and (1.1) on the sequences  and  provide a systematic framework for determining the solution, emphasizing the crucial role of these auxiliary sequences in the formulation of the general solution.
Theorem 1.1 not only presents a mathematical result but also opens avenues for exploring similar techniques in the study of higher-order difference equations and their applications in diverse mathematical contexts.
The proof methodology relies on the factorization of the shift operator, and it is not a novel concept. Similar approaches have been explored in existing literature, as evidenced by references such as [12, 18].
As an immediate consequence, setting  allows us to derive the following solution for the corresponding homogeneous equation.

[bookmark: thm:mainh]Theorem 2.  Assume that there exist sequences  and  of complex numbers satisfying (1.1) and (1.1) for any  Then, the solution to the second order homogeneous equation  with initial values  and  is given by 


We remark that inductively it is easy to see that the sequences  and  satisfying (1.1) and (1.1) exist for most sequences  and .
We also note that we have flexibility in choosing . This does not mean that the difference equation (1) has more than one solution. Instead, it gives a different representation of the same solution. In particular, when  is non-zero, we take  such that  yielding to a simpler represented solution.

[bookmark: cor:main]Corollary 3.  Let  and  be given as in Theorem 1.1. If , then the difference equation (1) has the solution  with 

To provide the closed-form solutions, one needs to find the closed-form solutions to (1.1) and (1.1). In the special case, when  for any  we clearly have  for  and can take  In this case, substituting into (1.1) we get  Solving for  we get the recursive relation

Iterating the equation we have generalized continued fraction representations for the sequences  and  as follows.

Lemma 4.  Fix any non-zero complex number  and for  define  Then, provided the sequence  is well-defined,  and  satisfy (1.1) and (1.1).

Difference equations have numerous applications in various mathematical and engineering contexts; see, for example, [2, 20]. Next, we turn to applying Theorem 1.1 to obtain new generalized continued fraction representations to . Universal constant  is one of the historically well-studied numbers [5]. Representing various mathematical constants with generalized continued fractions is not new. However, recently a machine learning-based computer algorithm has been developed to generate lots of seemingly new conjectures on continued fraction representations [19]. These generated conjectures are posted at www.ramanujanmachine.com attracting new investigations in the theory of continued fractions [13, 11, 6, 14, 21]. Using Theorem 1.2 we prove the following results stated as conjectures in the site.

[bookmark: thm:8pi2]Theorem 5.  We have  for the sequences given by  and 

[bookmark: thm:18pi2]Theorem 6.  We have  for the sequences given by  and 

Both Theorem 1.5 and Theorem 1.6 establish a remarkable connection between the continued fraction coefficients and the mathematical constant . This convergence not only exemplifies the power of the proposed solution method for second-order homogeneous equations but also underscores the intriguing interplay between difference equations and transcendental numbers.
Moreover, the representation of this limit as  aligns with established mathematical relationships, emphasizing the profound and unexpected occurrences that can emerge from the study of such equations. The convergence of continued fractions to well-known mathematical constants serves as a testament to the richness of mathematical structures and the elegance of their interconnections.

[bookmark: _Toc231517533][bookmark: preliminaries]Preliminaries

The current work can be seen as an interdisciplinary study that connects the theory of difference equations with that of continued fractions. To facilitate understanding, we will provide some background information.
We first establish the existence and uniqueness of solutions for the given non-homogeneous difference equations with specified initial values. The theorem presented below encapsulates our findings.
Theorem 7.  Consider any sequence of numbers  where . The non-homogeneous difference equation  with initial values  and  possesses unique solution.

This result stands as a well-established theorem within the realm of difference equations theory, and its acceptance has been documented in the literature. A notable reference supporting this theorem is , where a broader scope, encompassing ’th order linear difference equations, is considered. For completeness, we provide a proof.
Proof. By setting  and manipulating the difference equation for , we arrive at

Given the values of  and the initial conditions , it is evident that  not only exists but is also uniquely determined. Building on this foundation, an inductive argument reveals that once  and  are established for , the equation  uniquely specifies the value of . 
As a direct implication of the aforementioned theorem, it is noteworthy that setting  gives the corresponding result for homogeneous difference equations. Specifically, when considering the homogeneous linear difference equation  for , with prescribed initial values  and , we deduce that this equation possesses a unique solution .
We know briefly discuss the connection of the generalized continued fractions to the theory of difference equations. In mathematical analysis, the interplay between continued fractions and difference equations has proven to be a fascinating and fruitful area of study. A noteworthy relationship emerges in expressing the convergents of a generalized continued fraction as solutions to difference equations.
Let  be a real number. A generalized continued fraction for  is an expression of the form:

where  and  are integers for . These expressions often arise in the approximation and representation of various mathematical functions.
The convergents of this continued fraction, denoted by , for  are defined as follows:

where the fraction  is assumed in lowest terms. The convergents of the continued fraction often provide increasingly accurate approximations to the value . The relationship between convergents and the continued fraction is a key aspect of their analytical properties. Then, we say that the generalized continued fraction converges to  provided

Hence, it is crucial to calculate  and  to prove that the given continued fraction representation. The following well-known result from the theory of continued fractions links the convergents to difference equations. see e.g. [7, 10].

[bookmark: thm:convergents]Theorem 8.  Given sequences  and  for , let  and  be the unique solutions to the difference equations with initial values  Then, the sequence  represents the convergents for the generalized continued fraction (2) provided the convergents are well-defined.

Proof. We proceed by induction. For , we have , which corresponds to the first term in the continued fraction.
For , we find  and . Referring to the continued fraction, we have , matching with .
Assuming that the solution of the initial value problem satisfies

then, based on the inductive hypothesis, the convergent for  is given by

Simplifying the expression yields

which, by the difference equation, is equivalent to . 
A noteworthy observation stemming from Theorem 2.2 is the striking symmetry in the structure of the difference equations (2.2) for sequences  and . The equations are identical, differing only in their initial conditions. This seemingly subtle distinction manifests itself in the generation of distinct solutions, emphasizing the nuanced impact of initial values on the sequences  and .
The result established in Theorem 2.2 elucidates a compelling connection between sequences  and  and the convergents of a generalized continued fraction. The solution to the difference equations (2.2), encapsulated in the sequences  and , serves as a fundamental building block for expressing the convergents in the form .
The stipulation that the convergents must be well-defined emphasizes the importance of certain conditions for the sequences  and  to ensure the convergence of the continued fraction (2). The theorem not only establishes a theoretical link but also provides a practical avenue for computing convergents in terms of solutions to difference equations, thereby offering a unified perspective on these mathematical structures.
The broader implications of Theorem 2.2 extend to various areas, including continued fraction theory and numerical analysis, where understanding the convergents is crucial for approximating real numbers and revealing deeper mathematical insights. Furthermore, the general theory of continued fractions has many applications, including providing the best approximations to real numbers [8], enhancing cryptographic algorithms [1, 4], and offering insights into various mathematical phenomena.

[bookmark: _Toc231517534]Proof of Theorem 1.1

In this section, we prove our main result. To this end we introduce the shift operator  given by

for any sequence. We note that (1) can be rewritten with shift operator  as follows

[bookmark: lem:split]Lemma 9.  Let  and  be sequences as in Theorem 1.1. Then, (1) is equivalent to 
Proof. We have

Comparing with (1) we see that  and  as required. 
We note non-commutative nature of  that in general , which is the reason why (1.1) is not symmetric. We now prove Theorem 1.1.

Proof of Theorem 1.1. Let  and  be given as in the theorem statement. Using Lemma 3.1 we rewrite (1) as . Let us define  by

so that  The latter gives  for any . Iteration yields

where  is obtained from (4).

Now, applying (4) we arrive at a first-order difference equation with variable coefficients

Iterating yields the closed-form solution

This finishes the proof. 

[bookmark: _Toc231517535][bookmark: Xd0174b063ddb61917a9bc060d1f89f6d471f883]Generalized continued fraction representations of 

In this section, we will leverage the link established between convergents  and difference equations (2.2), as presented in Theorem 2.2, to derive novel generalized continued fractions for .

Proof of Theorem 1.5. Since  we may apply Corollary 1.3 with  to obtain

with  as in (1.4). We have . Inductively, if  we see that

Hence, 
As for  we have  and  which gives the solution

We may take  as before and arrive at

which in turn gives

Thus,

where we use the fact that  Therefore, we can express  as . Subsequently, utilizing Theorem 2.2 and referencing , we can deduce that

 
Proof of Theorem 1.6. The proof of Theorem 1.6 closely parallels the outlined approach, and we provide a concise summary here, omitting the detailed steps.
Choosing , it becomes evident that , resulting in

Utilizing the same variable  to derive , we note that . This leads to the expression:

By combining this result with the equation from  and leveraging Theorem 2.2, we obtain:

 
[bookmark: _Toc231517536][bookmark: discussion-and-conclusion]Discussion and Conclusion

In this study, we introduced an alternative approach to solving second-order non-homogeneous equations with variable coefficients, departing from the methodology presented in [17]. The core concept involves factoring the quadratic shift operator into linear operators and expressing the solution through terms featuring finite continued fractions. There exists potential for exploring analogous methods for higher-order equations.
While the proposed approach demonstrates simplicity and efficacy, particularly in applications to generalized continued fraction representations, it does not encompass all second-order linear difference equations. Consequently, a promising avenue for further research involves discerning the conditions under which this method is applicable. Specifically, it would be valuable to investigate a necessary and sufficient condition for the sequences  and  that satisfy (1.1) and (1.1) to exist.
It is worth noting that solving second-order homogeneous equations with variable coefficients aids in converting infinite generalized continued fractions into series representations. However, it does not necessarily facilitate the determination of the limit. Consequently, unless the sum of the series representation is known, fully resolving the problem of representing a number with continued fractions remains an open challenge.
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Continued fraction theory, originating in the 16th century with Bombelli, has been a cornerstone of number theory, notably elucidated by Lord Brouncker in the 17th century with the derivation of the well-known continued fraction for  [1]. Subsequently, luminaries such as Euler, Gauss, Lagrange, Legendre, and Galois contributed seminal insights to this domain. The study of continued fractions has revealed a multitude of connections between these fractions and other mathematical concepts. [2] explored the relationship between continued fractions and rational functions, while [3] delved into the structural relationships between continued fraction expansions and the real numbers they represent. [4] used hyperbolic geometry to study various classes of continued fractions, providing a more extensive study of both real and complex continued fractions. [5] highlighted the power of continued fractions in revealing symmetries and patterns in numbers, as well as their role in the construction of rational approximations to irrational numbers. These studies collectively underscore the elegance and utility of continued fractions in mathematics.
The constant , a key element in mathematical analysis and number theory, has been a subject of fascination and study for centuries [6], [7]. Its significance is further underscored by the extension of the log function to negative numbers, a development that was a point of contention in the 18th century [8]. The relationship between the logarithm of 2 and the square root of 2, a fundamental constant in mathematics and measurement, adds another layer of complexity to its study [9]. The ubiquity of the values of  and  in fundamental physics, as discussed by [10], further highlights the interconnectedness of these mathematical constants. [11] and [12] both contribute to the study of continued fractions, Bowman focusing on higher-degree cases and Vardi exploring their connection to modular forms. However, their work does not directly address the specific representation of  through continued fractions. On the other hand, [13] offers alternative visual representations of continued fractions, which could potentially be applied to the study of . However, their work does not directly address the specific representation of  through continued fractions. Therefore, while these studies provide valuable insight into continued fractions, they do not directly contribute to the specific exploration of polynomial continued fractions for .
Historically, several approaches have been developed for approximating , such as Mercator’s alternating harmonic series [14], accelerated convergent series [15], and simple continued fractions (SCF) [16]. Despite their simplicity, these classical methods exhibit significant drawbacks; for instance, Mercator’s series converges extremely slowly, with errors decaying as , while SCF expansions often lack clear periodic patterns, making them computationally less predictable and efficient. To overcome these limitations, polynomial continued fractions (PCFs) have emerged as an alternative. By incorporating polynomial structures into both their numerators and denominators, PCFs not only achieve substantially enhanced convergence rates but also facilitate efficient computations due to their recursive nature. Recently, [17] has compiled an extensive database of more than 1,400 PCFs, significantly expanding the known examples. [11] explored higher-degree PCFs, extending Ramanujan’s work on rational limits and investigating irrational cases. [18] introduced a framework for studying PCFs, focusing on Euler continued fractions and developing algorithms for their identification. [19] investigated the connection between PCFs and irrationality measures, generalizing Apéry’s work and applying their findings to fundamental constants such as , , and . This research highlights the potential of PCFs in number theory, Diophantine approximations, and in addressing open mathematical questions such as proving the irrationality of certain constants.
A continued fraction, represented as

or in compact notation as

is defined for given sequences  and . Here,  is the leading term and the fractions continue indefinitely. For any natural number , the ’th convergent of (1) is expressed as

A real number  is said to possess a continued fraction expansion (1) if it satisfies

When  and  for all , (1) is termed a simple continued fraction; otherwise, it is referred to as a generalized continued fraction. Furthermore, when  and  follow a polynomial rule with respect to , we designate it as a polynomial continued fraction. The computation of closed-form solutions to  and  is far from trivial [20]. An elementary strategy involves conjecturing the closed forms of  and  based on initial terms and subsequently proving them via mathematical induction. In particular, recent endeavors, exemplified by [21], [22], employed this methodology to validate conjectures concerning the generalized continued fraction expansions for Euler’s number  and for  as cataloged in [23].
Of particular relevance to our current study, recent advancements in machine learning methodologies, as highlighted in [23], have led to the derivation of diverse conjectures for mathematical constants such as , , , and , as detailed on the platform www.RamanujanMachine.com. Notably, in 2020, Zhu He [24] utilized similar algorithms to conjecture specific polynomial continued fractions for . This conjecture, emerging from computational methods, sets the stage for our exploration into novel representations of  through polynomial continued fractions. By building upon these computational insights, our study aims to rigorously examine and extend Zhu He’s conjecture, thereby contributing to the ongoing dialogue surrounding the precise characterization of  using continued fractions.

that is,  and 
In this paper, we aim both to establish the validity of this conjecture and to obtain an infinite family of new polynomial continued fractions for . Our first result is as follows.

[bookmark: thm:1]Theorem 1.  Consider the sequences defined as  for  and  for . Then, we have 
As a generalization, for any natural number  we have the following new polynomial continued fraction for .

[bookmark: thm:2]Theorem 2.  For any natural number , we let  for  and  for . Then, we have 

To demonstrate, we provide the continued fractions for :
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[bookmark: lem]Lemma 3.  We have 

This identity, along with its generalization, is documented in the OEIS [25], particularly under A058313. Though credited to Peter Bala, a proof is not readily available. Therefore, for the sake of completeness, we offer a proof here.
Proof. The proof relies on the interchange of integration and summation, along with some manipulation of terms. To obtain the lemma we use the Taylor series for , namely

Double integrating both sides and interchanging infinite sum with the definite integral we obtain

Thus, we have established the desired identity. 
Now, let us proceed with the formal proof of Theorem 1.1.

Proof of Theorem 1.1. To prove the theorem, we obtain closed-form formulas for the convergents  and . Then, it remains to show that the limit  converges to the desired quantity  Inductively, it can be established, see, for example, [26] , that for , the sequences  and  obey the following recurrence relations:

with initial conditions

We note that in general, computation of closed-form solutions to difference equations such as (4) and (4) with variable coefficients  and  poses a formidable challenge [20].
Given the sequences  for  and  for , we obtain the first several terms of : . From On-Line Encyclopedia of Integer Sequences (OEIS) [25] we claim  to be the sequence A187735 with the closed form formula for :

To prove the claim, we proceed by mathematical induction using the recurrence relation (4)

where  for  and  for . The initial conditions are given as  and  which gives us the base case for the induction. In the inductive hypothesis we assume that the formula holds for all integers up to , i.e., assume  is true for  and . In the inductive step we need to show  using the recurrence:

Substituting from the inductive hypothesis:

Simplifying and rearranging the terms gives

Factoring out  yields

Thus, by induction, the formula  holds for all .
Now that we have the formula for  we proceed with investigating the sequence . Unfortunately, there is no match to the sequence  in OEIS. Hence, we need to follow a different approach than . To this end, we let

and attempt to find a formula for . If we succeed, then it remains to prove that the infinite series .
We start with the relation for , substituting  into the given formula:

Substituting , we get:

Next, we use the formulas provided for , , and  to express the equation further:

After this, we simplify the expression:

Expanding the summation, we arrive at:

Canceling out common terms, we are left with:

Solving this equation for , we obtain the recursive relationship:

This relationship gives us  in terms of , which allows us to recursively determine the values of  given . We have


We know that  and , which gives us . From the relation (4) for , , and using , we find . Substituting  into the recursive relation , we obtain:

From the relation (6) for  it follows that

To complete the theorem, we need to demonstrate that:

This equality is stated in Lemma 2.1, which is what we need to prove. 

[bookmark: _Toc231517541][bookmark: proof-of-theorem-1.2]Proof of Theorem 1.2

[bookmark: thm:euler]Theorem 4.  Let  be a convergent series with nonzero terms. Define , , and  Then, we have 

For the proof of the above theorem, we refer to [22], Theorem 4. Now, let us proceed with the formal proof of Theorem 1.2.

Proof of Theorem 1.2. We use the following result due to Peter Bala from OEIS, see A058313 and A058312:

We let  Then, for , we have

From Euler’s formula for , Theorem 3.1, we get

where  and  and for 

We note that for any nonzero number  and any  we have

Applying this iteratively for  and , we get

,  and for  we get

Thus, we obtain

Or

This finishes the proof. 
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